The dispersion coefficients for the long-range interaction of the first four excited states of He, i.e., He(2 1,3
Cold and ultracold mixtures of multispecies atoms are an active topic of research in recent years. Ultracold mixtures of two atomic species are used to study the elastic and inelastic collisions between different species. Such mixtures also make it possible to sympathetically cool one species through collisional energy exchange with the other species [1] [2] [3] . In addition, weakly bound heteronuclear molecules can be created [4] [5] [6] . Heteronuclear polar molecules have attracted particular attention because their permanent dipole moments can be controlled with external fields. They are potential candidates for quantum simulation, quantum computing, and quantum metrology [7, 8] . Most dual-species experiments involve combinations of alkali-metal atoms, such as Na-{K, Rb, Cs} [9] , K-{Rb, Cs} [2, 6, 9] , and Rb-Cs [9, 10] . Recently, a few experiments have employed ultracold mixtures of alkalimetal and metastable noble gas atoms, such as 40 Ar * -87 Rb [11, 12] and He * -87 Rb [12] [13] [14] . The latter mixture is promising for creating a dual-species Bose-Einstein condensate by significantly suppressing the Penning ionization [13] [14] [15] , which causes the trap losses. The loss rate is determined primarily by the long-range interaction between the He * and 87 Rb atoms. There are very few calculations of dispersion coefficients reported in the literature for the long-range interaction between low-lying excited states of He and alkali-metal atoms. The coefficients C 6 for the van der Waals interaction between the He(2 1, 3 S) metastable states and the ground states of Li, Na, K, Rb, and Cs have been computed by Bell et al. [16] by means of the Casimir-Polder formula [17] . Dalgarno and Victor [18] have improved the calculation by more accurate representations of the dynamic dipole polarizabilities α 1 (ω) of the metastable states. For the alkali-metal atoms, these authors employ semiempirical representations of α 1 (ω) [19] . Using the configuration-interaction plus core-polarization (CICP) method [20] , Spelsberg and Meyer [21] S) and the ground states of Li, Na, and K. In the present work, we compute the dispersion coefficients for the long-range interaction of the first four excited states of He, i.e., He(2 1, 3 S) and He(2 1, 3 P ), with the low-lying states of the alkali-metal atoms Li, Na, K, and Rb by summing over the reduced matrix elements of the multipole transition operators [22] [23] [24] . For the symmetries of diatomic molecules we adopt the notations of Ref. [24] . Atomic units are used throughout the following sections.
A systematic formalism has been presented for the calculations of the long-range interaction between two heteronuclear atoms in arbitrary atomic states in Ref. [24] , treating the interaction as a perturbation to the isolated atoms. In general, the long-range interaction between two heteronuclear atoms can be written in the form
where a and b represent the quantum numbers of orbital angular momenta of atoms A and B, respectively; R is the distance between the two atoms; and C n are the dispersion coefficients. The first term arises from the second order correction to the energy and is always present. The second term (the first-order correction) occurs only if each atom is in a state with nonzero angular momentum. The dispersion coefficients are evaluated for diatomic molecular states according to the nondegenerate and degenerate perturbation theories. For a simple nondegenerate system where both atoms A and B are spherically symmetric, for example, C 6 can be represented in the form
where C 1 (r) is the spherical tensor of rank 1; ψ 0 a and ψ n a are the wave function of the initial state and the n a th intermediate eigenfunction for the atom A, respectively; E 0 a and E n a are their corresponding eigenenergies; the sum i runs over all the electrons in the atom A; the definitions of symbols ψ 0 b , ψ n b , E 0 b , E n b and j for the atom B are similar to those of their counterpart symbols for the atom A. In the degenerate case, the zeroth-order wave functions are determined by diagonalizing the leading term of the first-order correction in the degenerate space. They are then used to calculate the dispersion coefficients by summing over intermediate states represented by atomic physical states and pseudostates.
For atomic He and Li the energy spectra and reduced matrix elements of the multipole transition operators are the same as those used for calculating the dispersion coefficients for the low-lying states of He and Li [25] [26] [27] [28] [29] [30] [31] . They were calculated using Hylleraas basis functions. For a two-electron system, the basis functions have the form S) with the n 2 S ground states of the alkali-metal atoms. Numbers in square brackets in the second, third, and fourth columns denote powers of 10.
LiHe ( 3.851 [3] 3.491 [5] 3.297 [7] where Y The nonlinear parameters α, β, and γ are variationally optimized by the power method. The reduced matrix elements of the transition operators and energy spectra for the alkali-metal atoms have been used for calculating the dispersion coefficients for the interaction with ground-state H and He [24] . The spectra of the valence electrons have been generated by the CICP method with large mixed Laguerre-type and Slater-type orbital basis sets. Moreover, the core effect on the valence electrons has been represented by a semiempirical polarization potential, and the contribution of the core excitations to the dispersion coefficients has been estimated by approximate oscillator strength distributions. For details on the calculations for alkali-metal atoms the reader is referred to Refs. [24, [32] [33] [34] [35] [36] [37] . Table I presents the dispersion coefficients for the interaction of He(2 1, 3 S) with the ground-state alkali-metal atoms. P ) and the first 2 P excited states of the alkali-metal atoms are listed in the Supplemental Material [38] .
For the Li atom we calculate the dispersion coefficients using both the CICP transition data and the transition data 064701-2 [21] are also included in Table I [21] . To enable a comparison, we also list in Table I our C n values which exclude contributions of the core excitations. The discrepancy between the two calculations without core effects is less than 0.5% except for the C 10 values for the He( Table I in the Supplemental Material [38] ). For the static dipole polarizability of the ground-state K the spread of all four calculations is within 2.5%, and the four quadrupole polarizabilities are almost the same. However, the static octupole polarizability of Spelsberg and Meyer (1.914 × 10 5 a.u.) is 7.7% larger than the value obtained by the other three calculations (the CICP data set, the one-electron model potential approach by Marinescu et al. [40] , and the relativistic many-body perturbation theory by Porsev and Derevianko [43] ). It is also demonstrated that the core effect becomes more important for heavier atoms.
The uncertainty of the present calculations can be estimated from the uncertainties of the dispersion coefficients for interaction of the alkali-metal atoms with the ground states of H and He [24] . For the systems He(2 For the long-range interaction between He and other alkali-metal atoms, the uncertainties are 1-3% for C 5 , 1-5% for C 6 , and 1-10% for C 8 and C 10 . Generally speaking, the uncertainties of the dispersion coefficients for the ground states of the alkali-metal atoms are smaller than those for the excited states, especially in the cases where the He atom is in one of the He(2 1,3 P ) states. In conclusion, dispersion coefficients have been calculated for the long-range interaction of the first four excited states of He, i.e., He(2 1, 3 S) and He(2 1, 3 P ), with the low-lying states of the alkali-metal atoms Li, Na, K, and Rb by summing over the reduced matrix elements of the multipole transition operators [22] [23] [24] . For He and Li atoms the reduced matrix elements have been previously generated with Hylleraas-type basis functions [25] [26] [27] [28] [29] [30] [31] . For the alkali-metal atoms the transition arrays of the valence electrons have been previously computed by the CICP method, where the effect of core excitations has been taken into account by approximately constructing the oscillator strength distributions of the atomic cores [24, [32] [33] [34] [35] [36] [37] . For systems involving a He metastable state He(2 1, 3 S) and the ground state of an alkali-metal atom, our results are more accurate than previously published values [18, 21] . Dispersion coefficients for systems involving a He(2 1, 3 P ) state or excited state of an alkali-metal atom have been computed. These coefficients enable the construction of accurate long-range potentials for the corresponding atom-atom collisions.
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